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Abstract 

The problem of the diagonalization of the flavor-neutrino propagator matrix is inves- 
tigated in the theory with flavor-mixing mass terms in Lagrangian. For this purpose 
we examine one-pole structures of flavor-neutrino propagators, leading to physical 
neutrino masses, and discuss the relation of the propagator diagonalizaion to the 
diagonalizaion of the mass matrix in Lagrangian. In connection with the paper by 
Blasone et al., it is pointed out that there is no compelling reason for fixing the mass 
parameters, althought this fixing is necessary in order to construct the flavor Hilbert 
space. 
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I. INTRODUCTION 



Since Pontecorvo |]] pointed out the possibility of the neutrino oscillation and, in addition, the 
solar neutrino problem was proposed 0, the oscillation has been much investigated experimentally 
and theoretically. Indications in favor of the neutrino oscillation from various kinds of experiments 
have been reported ||. 

The main aim of the present note is to investigate the field theory of neutrino mixing and to 
give a remark on the way how to define the physical neutrino masses on the basis of Green-function 
approach, which has not been noticed in current literatures. In Sec.|I|, we investigate this problem 
in the two-flavor case as an simple illustration, and Sec.|T| the three-flavor case is to be examined. 

In Sec.[TV|, we give some remarks on the field theory of neutrino mixing and the construction of the 
Fock space of definite flavors. For the later convenience, here we summerize the problems included in 
such a field-theoretical approach. Blasone and Vitiello M have considered the field theory of neutrino 
mixing. Their consideration is based on the unitary inequivalence of the Fock space for definite flavor 
states to that for definite mass states. Although the investigated theme is very interesting ||, there 
are some problematic points in ref. The first point is that the expansion of the fermion field in 
terms of plane-wave eigenfunctions of the third component of the spin operator is employed. Such 
a way of the expansion causes an unnecessary and nonessential complications in presentation of the 
theory. When the plane- wave eigenfunctions of the helicity are employed from the outset, as finally 
done also in ref. [|J, the description of the theory will be much simplified and becomes clearer. 

Whereas the first point mentioned above is of technical character, the second point is more 
fundamental. The second point is related to the problem how to define the annihilation and creation 
operators for definite flavors and definite masses. The relations from (2.23a) to (2.23d) given in ref. 
[fH are written as 

u a (k, r)a a (k, r) = G- 1 (9)u j (k, r) aj (k, r)G(6) (1.1) 
v;(k,r)^(k,r) = G-\9)v*(k,r)(3 j (k,r)G(9) (1.2) 

where (in the case of the two flavors) {a, j} = {e, 1} and {fi, 2}; u b (k,r), b = a or j, is the plane 
wave eigenfunction with the mass m& and the spin component r; G(8) is given by 



G{9) = exp 



9 / <i 3 x(z/J(x)z/2(^) — ^2( X ) U l( X )) 



1.3) 



Under the excuse of convenience, u a (k,r) and v a (k,r) have been chosen to be the eigenfunctions 
with the masses mi and m<i for a = e and /i, respectively; that is, the authors of ref. @] defined the 
operators a^ v and (5^ v through Uja^ v = u a a a and v*[3^ v = v*f3 a . Thus, from ( |1.1| ) and (|1.2j), they 



obtained 



a 



BV 
a 
JBV 



(k,r) \ _ r -i,^ ( aj{k,r 



G (9) 7) ' G(0). (1.4) 



^ v (k,r) " y, \(3 3 (k,r 



Although the relation (|1 . 1| ) and ( |1.2| ) employed for deriving (|1.4j ) are not understandable, this 
last relation can be understood as follows. Any Heisenberg field ^b(x) can be expanded || in terms 
of the helicity-momentum eigenfunctions 0] as 

u b (x) = -t=J2 etkS iMk, r)a b (k, r; t) + v b {-k, r)p\{-k, r; t)}, t = x°. (1.5) 
V V t 

k,r 
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Here, u b (k,r) and Vb{k,r) satisfy 



(i Jk + m b )u b (k,r) = 0, (i Jk — m b )v b (k, r) — 0, k = \fk 2 + ml, (1.6) 
where Jk = ^ka = ^k + 7 4 i/c ; v b (—k,r) and /3 b (—k,r;t) are the quantities with the 3-momentum 

— * 

— fe; the helicity eigenfunctions are used for technical simplicity in the following, and their concrete 
forms are given in Appendix A. The expansion coefficient operators in ( |1.5|) satisfy the canonical com- 
mutation relations for the equal time, which are derived from the equal-time commutation relations, 
{u b (x), vl(y)} = S(x — y)}5 bb > and others = 0. From the relation 

u a (x) = G- 1 (6;t)u j (x)G(6;t), t = x°, (1.7) 

we obtain 

{u a (k, r)a a (k, r; t) + v a (-k, r)fll(-k, r; t)} 

= G- 1 (6;t){u J (k,r)a j (k,r;t) + Vj(-k,r)/3}(-k,r;t)}G(9;t), (1.8) 

where {u a ,v a } and {uj,Vj} are the plane-wave eigenfunctions with masses m a and rrij, respectively. 



is the relation which can be utilized instead of ( |1 . 1| ) and ( |1.2| ), and leads to the general linear 

Pl(—k, r), a = e, //} and {otj(k, r), k, r),j = 1, 2} as 



transformation between {a a (k, r 



I a e (k,r) 

/£(-*, r) 
\Pli-k,r)J 



Q{0) 



G{6) ] = G{6) 



-i 



;i.9) 



( ai(k,r) \ 
a 2 (k,r) 
Pl{-k,r) 

The concrete form of Q(9) is easily obtained as given in Appendix A by utilizing the explicit forms 
of u a ,v a ,Uj and Vj 0. If we take m e = mi and m M = m 2 as a special case of (|1.9|) (or (|1.8|)), we 
obtain the relation (|1.4j ), which plays the basic role in ref. 0. Thus it is necessary for us to make 
clear a logical basis of the above choice of m e and m M , on which we examine in Sec.|TV|. 

Giunti et al. assert that it is impossible to define generally the creation and annihilation 
operators with a definite flavor, and that the construction of the Fock space of 'weak' (or flavor) 
states is approximately allowed only in the extremely relativistic case. Along a different context, we 
will obtain the same conclusion, although the second assertion mentioned above is evident, since in 



( |1.9| ) all dependences of G(0, k) on mass diferences among m^-'s and m CT 's become negligible and we 
obtain 



a e (k,r;t) 
a^(k,r;t) 



cosO sinO 
—sind cosd 



cti(k, r; t) 
a 2 (k,r;t) 



;i.io) 



as well as the same relation between (P e (k, r), j3^(k, r))and (Pi(k, r), (3 2 (k, r)). In Appendix B we add 
a related remark. 



II. DIAGONALIZATION OF THE NEUTRINO PROPAGATOR THE CASE OF 

2-FLAVORS 

We examine the diagonalization of the neutrino propagator according to the procedure proposed 
by Kaneko, Ohnuki and Watanabe M, which had been developed many years ago as the field theory 
of particle mixture interaction. In this section we consider the two-flavor case as an illustration. (In 
this paper we confine ourselves to the case of Dirac neutrino.) 
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A. Starting Lagrangian 

Let us consider the following Lagrangian density with a mutual transition between two neutrino 
fields specified by the flavor degrees of freedom a = e and \x\ 



C = -( ve(x) u,(x) )(jd + M)( ^ ) + C mt , (2.1) 

where 



M = ( mee me M ; JS := Yd P = 7V + 7 4 -7^j, (YY = Y- (2.2) 

Due to M* = M, required from the hermiticity of C(x), m ee and m w are real and m* M is equal 
to m^e. Ci n t in (|2.1|) is assumed to have no bilinear terms and no derivatives of the neutrino field 
operators; then the Hamiltonian is 

H(x) = H^x) - C int (x) (2.3) 

with 



n 



(x) = ( v e (x) v,{x) ) (tV + M) ( <^ J . (2.4) 



The eigenvalues of M are 



1 



m i = - \m ee + m m ^ yj (m^ - m ee ) 2 + A\m eiM \ 2 J , (2.5) 
and H-e^x) is expressed in the diagonalized form as 



K>( x ) = T,*j( x )ffi+ m J>*(*)- ( 2 - 6 ) 

For simplicity, we take m efl = m Me , derived from CP-invariance; then we can take 

/ v e (k,r) \ _ I cos6 sin9 \ I Vi(k,r) \ 
I u^kjr) J y—sinO cosO J yu 2 (k, r) J 

with 



further we have 



(2.7) 



tan9 = - [-(m^ - m ee ) + ^ (m w - m ee ) 2 + Am 2 efx j . (2.8) 

We take m M(U > m ee > with no loss of generality; then m 2 > \m\\ and 

mi > for yfm ee m^ > |m eA J, mi < for yjm ee m m < \m eft \. (2.9) 
In the following calculations, it will be useful for us to employ the relations 

m ee = mi(cosO) 2 + rri2(sin6) 2 , m w = mi(sinO) 2 + iri2(cos9) 2 , (2-10) 

2777 

m efl = sin8cos6(—mi + 7712), tan(29) = — — ; (2-11) 

m^ m ee 



mim 2 = m ee m^ - m^, (2.12) 
m ee — mi = -m^ + ?772 = m efl tan8 , (2-13) 

m ee - 777 2 = -777^ + 777! = -m eft COt9 . (2.14) 
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B. Poles of the propagator matrix 

With the aim of examining the propagation character of i/ CT -field, we consider the propagator 

S' ap (x-y) :=<0\T(u a (x)u p (y))\0>, (2.15) 
where v a {x) is the flavor neutrino field appearing in the Lagrangian fl2.ip and is called the un- 



renormalized Heisenberg operator in accordance with the Lehman's terminology [TO]. It is neces- 
sary for us to define the vacuum |0 >. Here we assume that, corresponding to a given Hamilto- 
nian, the vacuum with the lowest energy exists. The Fourier transform of the propagator ( 2.15| ), 
S' ap (jk) = J d 4 xexp(—ikx)S' ap (x), satisfies 

S'op = $vp S P + ^aX^XpSp, (2.16) 
A 

where S p (fc) := (— + ivrL pp )~ x is the free propagator of the ^ CT -field. When we define the matrix 

[/<rp(/0] to be 

S'oAh) = \f{fe)-%p (2-17) 

we obtain 

fa P {jk) = S^S.i/c)- 1 - Tl^jk). (2.18) 
[S' ap (Jk)] has two poles, determined by 

det[f ffp (fi)] = 0. (2.19) 

Let us examine the pole structure of S' under the approximation for the proper self-energy part 
U ap by neglecting C int (x) in ( |2.3| ) and by taking into account only the contribution from e > x — > p 



in the lowest order; thus, we have 

= ( ~^ + imee T tm ^ ) . (2.20) 
L pw n \ im eil -fc + im pp J v 1 

As easily seen, [S'{Jk)\ has two poles at 

Jk = irrij with rrij(j = 1,2) given by (2.5). (2.21) 

Therefore, the physical one-particle masses given as poles of S'(/k) are seen to coincide with the 
eigenvalues of the mass matrix M. 

It should be noted that there is an arbitrariness in separating 7i{x) into the "free" and "inter- 
action" parts. So it is worthy to give a remark on this point. We rewrite the Hamiltonian ( |2.4|) 

as 

K(x) = ( v e {x) v»(x) ) (/) + ( < ) ) ( \ + Hm (x), (2.22) 
H in t(x) = ( ^ ™ e » ) , A CTCT := m aa - ml; (2.23) 



Then, instead of S a and H pcT employed above, we use 

S° p (/c) :=(-* + im pp )~\ [U%] := ( ^ ) . (2.24) 

Dropping contributions from jCi nt (x) to the proper self-energy part and taking account of the contri- 
bution from H int (x), we obtain 

$<jps ' p n^p = $ops p rig-p = f ap , (2.25) 

which shows the arbitrariness in defining S p {jk) disappears in the physical one-particle masses. 



C. Diagonalization of the pole part in the propagator 

We examine diagonalization of the pole part in the neutrino propagator S'{/k). Writing the 
cofactor corresponding to f ap as F ap , we have 

KJ = W- = (2-26) 

We define f^J and to be the values of f ap and F ap at the pole rrij of [S'\, respectively. We have 

\f(j)]\ F U)f = ( i(-mj + m ee ) im ep \ ( i{-mj + m m ) -im ep \ 
p up I im efl i(-mj + J I -im e/U i(-mj + m ee ) J 



- m ee )K- - m w ) + mjj ( J J J = ] ( J J ) = (2.27) 



due to ( |2.13D and ( |2.14j ) (or in accordance with ( |2.19| )). 
Next we define 

(p 0-) } -i ^ dde ^^ ) \ ^ imj . (2.28) 

From ( p.20| ) we obtain 

r.h.s. of (2.28) = [-2 ]k + i(m ee + m mi )] ¥=im . = i{m x - m 2 )(-l) j , (2.29) 

leading to 

f P ^ } ) ) = ( l{m2 \ mi) ) = ^ ( \ V = sir^, c e = cosfl. (2.30) 
We introduce a set of new fields ipj{x) and i>j(x), j = 1, 2, expressed as 

i i 

where the coefficients A^s are so determined that < 0\T(xjjl(x)xjjj(y))\0 > has only one pole term 
like Sij/(— Jk + irrij); A a j is a complex conjugate to A a j. Thus, from the conditions 
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we obtain 



leading to 



Thus we have 



pMFW^A^l °^t, (2.32) 

p (2) F (2)T = A ^0 0^ (2 33) 

P {j) F$ = A pj A aj: (2.34) 

P {j) Fff = A aj A pj = p {j) F$. (2.35) 

( 5 U)F U) F U) 



A n ;A 



A ■ A ■ A ■ A ■ 

^P'J^PJ^PJ^J 



fur 



n 3 A A ■ 



or (2.36) 



o 0) ^0) 



A possible solution is given by 



The concrete form of [A a j] is expressed as 



An = , \ F$u, M 2 = 1 (2.37) 



C?) ^ 

MM 



r 4 ] _ | |sflC 9 /m eM | / 1fn e p \ \s e c e /m ell \ I ^e/i , . , , 

A -> 1 !. v /^ ( _ mi+mee) ^ i(-mi + m ee ) y ' ^^ (m2 _ mee) ^ i(-m2 + m ee ) ,J I - ( -— ^' 



H I 'l** _l . • (2-39) 



\m eil \ \ \ c e\- -\se 
For so, eg, m ep > and u — i, we have 

t^i =(-;:)• < 2 - 4 °> 

From the construction, we see the propagator 

Sl^jk) : = Fourier transform of < 0|T(^[(x)^ r (y))|0 > (2.41) 

<T,p 

has an one-pole term in diagonal element; i.e. 

[Slj^/c)] = — (y^ B ia p®F® ( jk)Bj P ) + (contribution from continuous spectra)] 

l — jk + imi + e 

/ i o X 



#+imi+e ^ j _|_ (contribution from continuous spectra). (2.42) 

-j/+im2+€ / 
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When we write A a j as z£j, i.e. 



[4l : = M ( 2 - 43 ) 



we can express S' (/k) as 



sr ap (fi) = E 7^ - + / d(« 2 ) , 2 A T (K 2 ,/fe) . ■ (2.44) 

Note that the diagonalization procedure of the propagator S' ap described above is somewhat 

different from that adopted by Kaneko et al. |§. The authors of ref. considered the intermediate 
step by introducing a set of fields {(f)j(x), <f>j(x)} as defined by 

3 

i(a;)=^^(4 (2.45) 

3 

and examined the pole-part diagonalization of 

Sij(Jk) := Fourier transform of < O|T(0j(x)^-(?/))|O > (2.46) 



We have shown that such an intermediate procedure is not always necessary in order to obtain ( |2.42|) 
and ( ggg ). 



III. CASE OF THREE FLAVORS 

We examine the diagonalization of the flavor neutrino propagator in the three-flavor case along 
the same line of thought as given in the preceding section. 

A. 3-flavor mixing mass-matrix 

The relevant Lagrangian density with mutual transitions among three-flavor neutrinos, e,/z and 
r, is written after taking account of the spontaneous symmetry breaking in the Higgs sector as 



C(x)= -(Uedx) V^ix) U TL (x))(jd + M') 



Kr{ x ) 
^r{ x ) 
Kr( x ) 



( <r( x ) ^r( x ) )(£ + M ' ] ) ^l(x) + C' mt (x) (3.1) 



VtL\X) 



where M' = [m']. {C' int is assumed to include no bilinear terms and no derivative of the neutrino 
field.) We perform unitary transformations 
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' v eL (x) \ / v 1L {x) 

^l(x) = V L u 2L (x) 

\ Vtl{x) ) V "3l{x) 

so that the mass matrix is diagonalized; 

//ii 



( v eR (x) 



I v X r{x) 



Vhr(x) \ =Vr\ V2R(x) , 



(3.2) 



vIm'Vr 



/i 2 J with real /i/s. 
V /i 3 



(3.3) 



We can arbitrarily use the right-handed neutrino field v' pR given by v' pR [x) = J2a W pa v aR {x) , W^W 
I. While, the mass matrix M'(assumed to be detM' ^ 0) is uniquely expressed as 



M' = M ■ U, Cf — I, M =[ 



m 



pcr\i 



(3.4) 



where M is hermitian as well as positive definite. (The last means all eigenvalue are positive.) Using 
the matrix V which diagonalizes M as 



V^MV 



m x 
m 2 
m 3 



rrij > 0, VV ] = I, 



we choose W to be 

W = t/ f ; 

then, by defining UjL andujR as 

v<tL/r(x) := J2 V ^ u JL/r(x) 



V = [V c 



(3.5) 

(3.6) 
(3.7) 



the Lagrangian density flOD is expressed as 

C(x) = - ( v eL {x) v pL (x) u tL {x) )(jd + M) 



(u e (x) v„,{x) u T (x))(P + M) 



( v eR {x) 
v^r{.x) 

V Vtr{x) 

( v e (x) 



h.C. + Cint(x) 



V H\ X ) I + *~intV^), 



£int(x) 



V v T {x) 



the first term in the last line has the diagonal form, — Z)?=i u j(x)(/) + rrij)vj(x 
Similarly to ( |2.22| ), we write the Hamiltonian density as 

H(x)=H°(x)-£ mt (x) J 

I v e {x) 

H°(x) = - ( u e {x) U^x) u T (x) ) (7V + M°) vXx) I V nil (.v). 



T-tint(x) = - ( u e (x) v^x) u T (x) ) A 



^ee TJlefj, n ^er 



/ m° ee 
m° M 
V rri 





TT 



Tfl Te Tfl Tp A rT 



A w = m w - m pp . 



( v e {x) 



(3. 



(3.9) 
(3.10) 
(3.11) 
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We give useful relations as follows. 

3 

"V = v PiVajmji P,&= (e, /i, r), (3.12) 

= V^ 1 = - — — [u T ] with u a j = cofactor of v a j, (3.13) 
(detV) v pj v aj = (detV)5 pa = ^ v pj u aj , (3.14) 

3 3 

(det V) v pj v pk = (detV)5 jk = ^u pj v pkl (3.15) 

(3.16) 
(3.17) 



B. Pole structure of Fourier transform of the neutrino propagator 

We consider the Fourier transform of the neutrino propagator 

S' ap {Jz) = Fourier trans, of < 0\T{u a (x)v p (y))\0 >, (3.18) 

where v a {x) and v p {y) are the unrenormalized Heisenberg operator appearing in the Hamiltonian 
( |3.9| ) with the interaction part TLi n t(x) — C int (x). 

In the same way as described in the subsection B of Sec.0, S'{jk) satisfies 

S' ap {fr) = 8 ap S p (jk) + ^Sl x (fi)IL\pMS P (jk), a,p = e,/i,r, (3.19) 



VpjVcrj 


= (detV)6 pa 


— V pj U vj> 
3 


VpjV p k 


= (detV)5 jk 


= u pj v pki 
P 


J2 m 3 

3 


= J2 m PPi 

p 






= detM. 





with S p {Jk) = (— Jk + im° + e) 1 , and is expressed 



as 



= [f(Ar\p with f ap {Jk) = 5 ap S p ( / k)- 1 - II^). (3.20) 
Assuming the proper self-energy part U ap to be approximated as 

II CTp ~ n° p := -z(M - M°) ap , (3.21) 

we have 

= K P (- h + Hp) + *( M - M °U 

< - Jk + im ee im epj im eT \ 

= im^ - Jk + im pp im pT (3.22) 

\ im re im Tp — jk + im TT J 

The physical one-particle masses are determined as three-poles obtained from 

det[f ffp (fi)] = 0. (3.23) 



From the form of ( 3.22 ), we see that the arbitrariness in separating Ti.i nt (x) from the "free" part in 



( |3.10| ), i.e. the arbitrariness in defining S p (/k), disappears in the physical one-particle masses under 



the approximation ( |3.21| ). These one-particle masses determined from ( |3.23|) with f ap {A) given by 



(|3.22| ) coincide with the eigenvalues {rrij,j = 1, 2, 3} of the mass matrix M = [m pa ]. 
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C. Diagonalization of pole part in the propagator 



We follow the same procedure of the diagonalization as described in the subsection C of Sec.fT[ 
Writing the cofactor of f ap {/k) as F ap (/k), we write S' ap (/k) in the same form as ( |2.26| ); then, we 
obtain 



det[f ( 



<jp\ | ty=imj 



o = E/^ ( i ) ] 



Cj) fUh 

Xp J 



The explicit form of pj> defined in the same way as ( 2.28|) is written as 



(pO)) 1 = -(m ee - m^m^ - rrij) - (m wt - m^m, 



m 



;) - (m TT - mj)(m ee - rrij) 



+ m ep m pe + m^rrir^ + m er m re . 

By employing ( ^.12[ ) and ( |3.13| ), we obtain after some calculations 

(pW)- 1 = -{ra x - m 2 )(m 1 - m 3 ), 
(p {2) Y l = -(m 2 - mi)(m 2 - m 3 ), 
(jo' 3 ') -1 = -(m 3 - mi)(m 3 - m 2 ). 

As to Fj-fi's, expressed from the definition as 



F e ( ^ = -m pe m T ^ + m Te {m^ - rrij), 
F$ = -m efl m re + m Tp (m ee - rrij), 



F^ = m^ e m ell - (m ee - mj)(m w - m 3 ), 



some calculations lead to 



VpjV T j 



P 



p = e,n,T, j = 1,2,3; 



thus, we obtain 



(P 



J TJ I 



(3.24) 



(3.25) 



(3.26) 



(3.27) 



(3.28) 



(3.29) 



Next we define a set of new fields ipj(x) and ipj(x),j = 1,2,3, in the same way as (|2.31| ). The 
condition for determining the matrix A is 



with 

E<» = 

The above equation leads to 




pV\F®) T = AE®A 



E ® 



(3.30) 
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A ■ A 



A ■ A ■ A ■ A ■ 

P3 T 3 T J a 3 



A A 



1 TT 



therefore, noting (|3.29|) we are allowed to take 



\f 



Fill 



\UJ\ 



J TJ | 



Employing the concrete forms ( p. 28 ) of F^J = Ffj), we obtain 



(A 
A 



el 



/'I 



V A Tl 

( A e2 
A 



\A r2 

( A e3 
A 



/(3 

t3 



pM\Vrl\ 
U>\P {2) \V T 2 

P W\v t2 \ 

Uj\p {3) \v T3 







( V e i 








\VrlJ 






' v e2 \ 




( v e2 




- 


v^ 2 


\v t2 J 




\v t2 


1 V e3 \ 




( Ve3 




- 


^3 


\v T3 J 




{Vr3 



where 



u)\p^\v 



TJ\ 



By choosing the order as m% > m 2 > mi, we have 

p« < 0, p^ > 0, p® < 0; 

then, 

« = <- 1)J ?f' 

\ U TJ I 

Thus the form of the matrix A satisfies the unitary condition, i.e. 

AA ] = A ] A = I, 

and is essentially the same as V which diagonalizes the mass matrix M 



A = [A pj ] 
A 1 MA 



V ■ E with E 

m x 
m 2 
m 3 



fei 
e 2 
V e 3 



Slj(fc), the Fourier transform of < 0\T(ip^(x)ipj(y))\0 >, is now written 
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lSl j (t)} = A<S'(fi)A 



E— r - 1 

i - fc + imi + e ap 

( 








1 



A ai p( l > F^} A p j ) ] + (contribution from continuous spectra) 
\ 



V 



o 










1 



+ (contribution from continuous spectra), (3.42) 



and as to S' ap (jk) we obtain the same fom as given by ( |2.44| ). 



IV. COMMENTS ON THE CHOICE (1.4) 

We examine the problem whether or not there is any compelling reason for choosing (|1.4|) , which 
is expressed in a convenient form for the following consideration as 

( Hi-kr-t) ) = ^ ') ( !(-£;!) ) «<* ')• <^> = C l >. <"> * (") 



here /3j(—k, r; t) = /3j(q, r; t) with q = —k and qo = y k 2 + m 2 = cohere we use the notations (a a , (3 a ) 
instead of (a^ v , P^ v ) in (|i~4] )). As noted in Sec.0, when neglecting Ci nt (x) in the Lagrangian (|2.1| ). 
the diagonalization of the one-pole term in the propagator corresponds to the diagonalization of the 
mass-term in ( |2.1| ) through 

f "fl ) = G-\9-t) ( »f\ ) G(6;t)) =( °° »)( "f } ) , (4.2) 
\w0 J \M X ) J \- s e ce J \M X ) J 

and Vj(x) is expanded as 

v 3 {x) = ^^^MKrh^r^^ + v^-^r^i-K^t)} (4.3) 
v V - 

kr 



with 



(3j(kr;t) I \ Pj(kr;0) 



e 



ujj = (k 2 + (4.4) 



If ( f4.1| ) is allowed to think to define the creation and annihilation operators for definte flavor states, 
( |4.2| ) and (|4.3|) lead to the expansion 

v a {x) = ^=^e 4fe {M i (fc,r)« <T (/c,r;t)+^(-A;,r)/3 ( t(-/ i ;,r;t)}. (4.5) 

VV kr 

The definition of (|4.1|) , employed in refs. [§J and [11], is certainly the simplest one which is consistent 
with Q4.2]) ; then, ( |4.1| ) is expressed in terms of the ^-fields as 

( ) = ^ / ( JS) ) G" 1 W W*)G<* «)• (4-6) 
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We cannot exclude, however, other ways; really, we can define generally 

1 r „ A kx( ul(kr) 



a a (kr; t) 
(3t(-kr;t) 



d xe 



r- x (o f\ ( P°j( k ) a j( k > r > t ) + i ^( k )PA~ k > r > t ) i r(f) t) 



(4.7) 



for an arbitrary m a ; (|4.2| ) leads to the expansion 

1 



e ikS {u a (k, r)a a (k, r; t) + v„(-k, r)(3l(-k, r; t)}. 



(4.8) 



kr 



(See Appendix A as to the definitions of p a j and X a j.) ( |4.7| ) leads to the transformation ( |1.9| ). 

For the purpose of finding any logical basis of the choice (|4.1|) , we reexamine the consideration in 
ref. M. We introduce the mass and the flavor vacua |0 > m and \0(6,t) > as 



aj(kr; t) 
Pj{-kr;t) 



10 >, 



0. 



a a (kr; t) 
Pa(-kr;t) 



\0(8;t) >= 



(4.9) 



for v /c,r, j and a. It should be remembered that the authors of ref. |3J] choose the special vacuum as 
\0(0,t) >, given(at finite volume V) by 



|O(0;t) >= G _1 (0;t)|O > r 



< 010 >, 



1. 



(4.10) 



The reasoning why the relation ( [4.10| ) is adoted in ref. f|] is as follows. For v |a > m and \b > m G H r 
which is the Fock space constructed in terms of the ^-fields, we have 



< a\G{9\t)v a {x)G L (9;t)\b > m = m < a\uJx)\b > m ; 



(4.11) 



t) |6 > m should belong to the flavor Fock space TCf constructed in terms of the ^-fields and 
gives the mapping of H m to TCf] especially we obtain ( J4.10|) . 

Then, by operating a a (k,r;t) to \0(9;t) >, we obtain from (|4.7|) and ( |4.10|) the constraint 



X aj (k) = 0, i.e. Paj(k) = 1 for v k and (a, j) = (e, 1), (/i,2), 



(4.12) 



which leads us to take m e = mi and m M = m 2 . Also, by operating Pl(—k, r; t) to 10(6*; t) >, the same 
constraint as ( f4.12p is obtained from the norms of 



(3l(-k, r; t)\0(9; t) >= G~ 1 (9; t)p aj (k)$(-k, r; t)\0 > r 



(4.13) 



In this way, the simplest choice ( |4.1| ) is derived. 

It seems necessary, however, for us to reconsider the content of deriving ( |4.12|) . The general 
relation ( |4.7f ) is rewritten as 



a a (kr;t) \ ( p aj (k) iX aj (k) \ ( a a (kr;t) 
Pt(-kr;t) J ~ [iX aj (k) p aj {k) ) \fc(-kr;t) 



(4.14) 
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where 



lit) = J] ex V {i £ &j(k)(at(k, r; t)Pt(-k, r; t) + [3 a (-k, r; t)a a (k, r; t))} (4.15) 

k,r 



with cosC, a j(k) = p a j{k) = cos Xa 2 Xj . In ( |4.15|) , the summation Yl(a,j) means to take the sum over the 



two sets, (e, 1) and (/i, 2). Thus one can construct Hilbert spaces H m and Hf by operationg possible 
polynomials of {aj's, /3j's, j = 1,2} and {aj.'s, /3j's, a = e, /i}, respectively, on the vacuum 
states |0 > m and \0(9;t) >, where these state are defined by 

a j (k,r;t)\0> m = P j (k,r;t)\0> m =0 for v j,£,r, (4.16) 
r;t)|O(0;t) > = &(fc,r; t)|O(0; t) >= for V, fc, r. (4.17) 



Since ( f4.14| ) is expressed as 



= «)/(«))-' (G(»; «)/(*)). (4.18) 

We see, after repeating the same argument as in ref. @] explained above, that the relation between 
the vacuum states is given (at finite volume) by 

\0(6;t)>=(G(6;t)I(t))- 1 \0> m , (4.19) 

thus one cannot obtain any constraint on m CT 's. Therefore, the choice ( |4.1| ) has no compelling 
theoretical reason other than " convenience" and " simplicity" and there is no physical basis for fixing 
the m a values. 

V. SUMMARY AND FINAL REMARKS 

We have first examined the diagonalizaion of the flavor-neutrino propagator matrix by follow- 
ing the procedure proposed by Kaneko et.al. || (but without employing any intermediate fields 
{4>j, <pj,j = 1, 2, 3}). We have concretely shown that, in so far as the matrix of the proper self-energy 
part H pa r( / k) for the flavor- neutrino fields is allowed to be approximated by neglecting C int in (|3.8|), 
a set of the renormalized fields {ipj(x),ipj(x)} can be defined as 

3 i - 3 _i - 

VvO) = Z aj1p r j(x), tpa{x) = Z aj*Pj( X )' a = C,^,T (5.1) 
3=1 3=1 

with zi 25 = /, so that the Fourier transform of < 0\T(ipl(x)ipj(y))\0 >, i.e. S%j(/k), has a single 
one-pole term, and 



S' ap {^)= F.T. of <0|T(^(x)^(y))|0> 

3 

Jk-\- irrij + e J k 2 + k 2 — ie 



+ f d{K 2 ) ^ 2 ap ^\ . (5.2) 
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The matrix [22], which may be called the generalized z-factor, has been shown to be essentially the 



same as that diagonalizing the mass matrix M in the starting Lagrangian ( |3.8j ). 

Under the adopted approximation for Tl ap , the content summarized above seems consistent and, 
in some sense self-evident. We cannot go, however, beyond this approximation due to ignorance of 
the Higgs neutrino interaction included in C int (x). 

Under the same approximation we have reexamined in Sec.|T^ the problem proposed by Blasone 
et al. 0. The essential problem in the field theory of the neutrino mixing is to settle how to define 
appropriate creation and annihilation operators of the flavor (or weak M) states. We have shown 
that, by taking account of the general relation ( }4.18|) as well as the relation between the two vacuum 



states, ( |4.19|) , there is neither theoretical reason for choosing m e = m x and m p = m 2 adopted in ref. 
0] nor physical basis for fixing any special m a values. In this sense we cannot construct generally the 
flavor Fock space, except for the extremely relativistic case; this is in accordance with the assertion 
in ref. ||, though our reasoning is based on a different context. 

In so far as we consider the transition or survival amplitudes by treating such a quantity as 

Apa(k,r;t) = m < 0\a p (k,r;t)al(k,r;0)\0 > m (5.3) 

we have to fix the mass parameters m p 's in order to settle the relations of a p 's to the fields v p (x)'s. But 
we saw in Sec.[TV] that there is no theoretical reason to specify the mass parameters. Instead, under 
the approximation of neglecting £ int in the Lagrangian (|3.8|), the propagator, S' ap {k) = F.T. of < 
0|T(^ cr (x)P p (y))|0 >, has been shown to have a structure which is independent of the mass parameter 
m p 's, that is, independent of the choice of the perturbative vacuum corresponding to the 'free' 
Hamiltonians, specified by the mass parameters m° y s as in ( p. 22 ) and (|3.9| ). Thus, it is favorable for 



us to treat the neutrino oscillation problem by relying solely on the neutrino propagator. Related 



investigations have been done in ref. [12|, and the work developed by Grimus and Stockinger [13 



seems to be important from our viewpoint. 
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APPENDIX A: 

Explicit forms of the plane-wave eigenf unctions u(kr) and v(kr), satisfying 

(i jk + m)u(kr) = 0, (— i ]k + m)v(kr) = (Al) 

are given, in the Kramers representation of 7-matrices (i.e. 7 = — p y ® a, 7 4 = p x Cg) /, 75 = —p z ® I) 
0,by 
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v(k T) 



f ca\ 

cp 
sa 
\s(3/ 

( ^ \ 

—sa 

-cp 
\ ca* J 

\k\ 



sa* 
-c(3* 
\ ca* J 



/ ca \ 
— sa 



(A2) 



(A3) 



Here, c = cos(|), s = sm(|), cotx — > ^ — kcosd, k x + ik y = ksind ■ e 1 ^, a = cos(|) • e ^Z 2 , /3 
sm(|) • e* 9 ^ 2 : . u(kr) and t> (At) are the eigenfunctions of the helicity s • k/\k\, s = (I x cx)/2; 

-j-(<T- t) = ^*(* T), • |) = -\u{k |), 
jL(*. -k)v(k t) = T), ~(s • -*M* I) = I). 

The solutions of ( |Al| ) with the mass mj are written as Uj(kr) and Vj(kr). We obtain 

ul(kr)u 2 (ks) = v{{—kr)v 2 {—ks) = pi 2 (k), 
ul(kr)v 2 (-ks) = v\{-kr)u 2 {ks) = i\i 2 (k), 



(A4) 



(A5) 



where Vj(-kr) := v(pr) with p = —k, po = koj 
cotxj = We have 



A; 2 + m 2 ; p 12 = cos Xl 2 X2 , A12 = sin Xl 2 X2 with 



EK(at) • M ?( fcr )* + ^(- fcr ) • u i(-^n = 

r 

The explicit form of Q(9, k) appearing in (|1.9|) is given by 

Q{e,k) 

with 



(A6) 



P(9,k) iA(8,k) 
iA(9,k) P(9,k) 



(A7) 



P (q k) = ( C0pe1 ^ s sPe2(k) \ W0 fc \ / c e A e i(A:) s A e2 (A;) \ 
(k) c e p, 2 (k) I ' ^"'^ \ -sgX^k) ceX^k) i 

Q(9, k) is confirmed to be unitary; 

g(e,k)g(e,ky = g(e,kyg(e,k) = i. 



(AE 



(A9) 



APPENDIX B: 



Here we will give a remark on ref. || as follows. We define 
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w{k T) := 



a 

(3 



w{k |) 



-f3* 
a* 



with a and f3 used in App.A, 



which satisfy 



ok f 1 1 f r =T 

w(k 1yw(k J.) = 0, —w(kr) = w(kr) < ^ > for < ^ _ ^ 



Uj(kr) and Vj(-kr) given by (|A2|) and (S3) are expressed as 



u(k T) = 
v(—k t) = i 



— K_ 



® w(k |), u (— |) = i 



0w(k I), 



where «± := s j{E±k)/{2E) = { C },E = ^k 2 + m 2 . By using the unitary matrix U 
connecting the two kinds of neutrino fields, we obtain 

. , 1 



v n \x) 



EE WMit) 



w(k t) + U aj aj(k I; t) 



K 



3- 
K 3 + 



+iU a3 P)(-k]-t) 



K j- 
K j+ 



w{k ]) + l U uj (3}{-k[ ] t) 



-Kj- 



®w(k |) 



By defining 



Ar±{kr; t) := ^ U aj aj(kr; t)K j± , 
j 

Bl ± (-kr; t) := £ U^-kr; t)« i± (±i), 



(|B4|) is rewritten as 



E 



^-(fcT;*) 



+ 



B l-{-k t;t) 
4+(-*T;*) 



<g> w(A; T) + 



4r+(U;t) 



® I) 
®w(kl)) e kS . 



Under the conditions among {aj,pj} and their Hermitian conjugates 

{a, (At; t), a}{k's; t)} = {(3 3 (kr; t),${k's; t)} = S 3l S rs S(k - k') 
others = 0, 



we obtain 
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{A a ±(kr;t),Al ± (k's;t)} = {B a± (kr;t), £?L(A/s;t)} = E^, 



E,±k 



* ^3 
P3~ 



2Ei 



S rs S(k, k') 



{A a± (kr;t),Al T (k's;t)} = {B a± (kr;t), B^k' s;t)} = £ U aj U* pj ^S rs 6(k, k' 



others = 0. 

In the extremely relativistic limit, we have 

{A a+ {kr;t),Al + {k's;t)} 
{B a+ (kr;t),Bl + (k's;t)} 
others 

the high momentum part in r.h.s. of 
1 



(B8) 



E 



A a +(k |; t)w(k t) 
A a+ (k l;t)w(k I) 



+ 



B. 



t 

cr- 



5 rs 5(k, k'), 
5 rs 5(k, k'), 
0; 



-ki-t)w{k[) 
-k]-t)w(k]) 



(B9) 



with 



A a+ (kr; t)=J2 U aj a,{kr; t), Bl + {-kr; t) = £ U aj $(-kr; t). 



(BIO) 



fBll^ 



According to the assertion in ref. ||, one may construct an approximate Fock space of weak states 
in terms of {A^ a+ (kr \ t), B^ + (—kr; t)} give by ( |B 1 1| ) only in the case of extremely relativistic neutri- 
nos. This assertion is in some sense self-evident, since masses of neutrinos become irrelevant in the 
extremely relativistic neutrinos. 

It is more natural, however, to define, instead of (|B11|) , a set of independent operators 



A a (kr; t) := U a j ctj(kr; — i(3j(—kr; 

3 

Bl(-kr; t) := ^ U aj -iatj(kr; t)Kj- + (3]{-kr\ t)n j+ 



so that the independent number of {A a ,Bl} are equal to that of {a,-,/?]}. We obtain 

{A a (kr; t), Al(k's; t)} = 5 rs S(k, k') = {B a (-kr; t), B^k's; t)}, 

= 0. 



(B12) 



others 



(B13) 



In ref. , a set of operators, the number of which is twice times larger than the independent number, 
are introduced (similar to (|B5|) in the case of Dirac neutrinos). Instead of doing so, we have defined 
a set of necessary and sufficient number of independent operators ( |B12| ) as a kind of Bogolyubov 
transformation, and obtained the canonical commutation relations (|B13|) , irrespective of the value 
of \k\. 

From (|B4[) we obtain 



E 



A a (kV,t) 



+ [A a {ki;t) 



+ iBl(-kV,t) 
±iBt(-kl;t) 



®w(k t) 
® w(k |) 



i hi! 



(B14) 
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The important feature of this expansion is that the operators {A a , B^} depend explicitly on m/s as 
well as \k\, but not on m CT 's explicitly. In the case of 2-flavors(i.e. a = e and //), we have 



with 



( A e (kr;t) \ 
A^kr-t) 
Bl(-kr;t) 
\BU-kr;t) J 



Q{9,k) 



( a\(kr;t) \ 
a 2 (kr; t) 
PK-kr;t) 
{(3l(-kr;t) J 



( c e ci s e c 2 -ic e si -is e s 2 \ 

-s e ci c e c 2 is e si -ic e s 2 

-ICoSx -is S 2 CgCx SgC 2 

\ iSgSi -ic S 2 SgCx CgC 2 ) 



C J 



(B15) 



(B16) 



(|B16| ) is seen to be equal to G{9, k), ( |A7|) , in which the mass parameters m e and m M employed in the 
plane- wave expansion of the flavor neutrino fields z/ CT 's are set equal to zeros. Because, as seen from 
( |B3|) , we have e.g. u(k |) for the zero mass is 



u(k t) 



® w(k T). 



(B17) 
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